The mass radiative stopping power can be expressed in terms of bremsstrahlung cross sections as
d k ' (9.3) and _ 2 -1 r T' d lTe ¢rad,e -«(He) Jo (k/E) dk dk, (9.4) where a = 1/137.03604 is the fine-structure constant, and E = T + me 2 is the total energy of the electron. In terms of these quantities, the mass radiative stopping power can be written as !S -~ 2 Z2 rada r eE ¢rad,n p uA X [1 + (l/Z)¢rad,e/¢rad,n)' (9.5) The ratio ¢rad,e/ ¢rad,n has, in previous work, usually been assumed to be unity. As will be shown below, this ratio is actually slightly higher than 1 at high energies, falls to about 0.5 at 700 keV, and tends to vanish at low energies. 19 For compounds it is assumed that additivity is a good approximation, and (9.6) where Wj is the fraction by weight of the j'th constituent. 9.1. Electron-Nucleus Bremsstrahlung 9.1.1. High-Energy Region For T ~ 50 MeV, the bremsstrahlung cross section was evaluated from the analytical expressions of Davies et ai. (1954) , and Olsen (1955) . This formula corrects the Bethe (1934) Born-approximation result through the inclusion of a Coulomb correction, f(Z), derived with the use of Sommerfeld-Maue wave functions. The formula is based on the high-energy approximation, i.e., the assumption that the energies of the electron both before and after the bremsstrahlung event are large compared to the electron rest energy. The cross section needed in Eq. 9.1 has the form
where q is the momentum transfer divided by me and
is the minimum momentum transfer divided by me. The Coulomb correction is given by 00 f(Z) = (aZ)2 L [n(n 2 + a 2 Z 2 ))-I.
The other quantities in Eq. 9.7 are defined as follows:
is the atomic form factor, normalized such that F(O,Z) = 1. For 1 ;'i Z ;'i 6 the atomic form factor was taken from the non-relativistic calculations of Hubbell et al. (1975) , which include electron-correlation effects;
for Z > 6 it was taken from the work of Hubbell and 0verb¢ (1979) , which is relativistic but omits correlation effects.
Low-Energy Region
For T ;'i 2 MeV, use was made of work by Pratt et ai. (1977) which constitutes a significant advance over the Born-approximation theory of Bethe and Heitler (1934) . In this work, the bremsstrahlung process is treated as a single-electron transition in a self-consistent screened (1977) , and points above 50 MeV are from high-energy theory of Davies et al. (1954) and Olsen (1955) , Curves are from a least-squares fit to the theoretical points, central potentiaL Electron wave functions are obtained in partial wave-function expansions through the numerical solution of the Dirac equation, and the matrix elements for the bremsstrahlung cross section are evaluated numerically from the wave functions, The required amount of computation is very large, especially in view of the large number of partial waves which have to be included, so that results have been obtained so far only for a limited number of materials and energies. The theory underlying the computations and initial numerical results were given by Tseng and Pratt (1971) . Further numerical results for electrons with energies from 1 to 500 keV were published by Lee et al. (1976) , and for 1-and 2-Me V electrons by Kissel and MacCallum (1977) . An extensive set of data for all elements 2 ~ Z ~ 92, including bremsstrahlung cross sections dif-ferential in photon energy as well as the total energyweighted cross section, was prepared by Pratt et al. (1977) through elaborate interpolation procedures. A few exploratory calculations, for 5-and 10-MeV electrons in Al and U, have recently been published by Tseng and Pratt (1979) which involve the calculation of selected terms in the partial wave expansions and interpolation between them. We have used the tables of Pratt et al. (1977) to obtain ¢rad,n and have derived values for Z = 1 and for Z = 93 to 100 by extrapolation.
Intermediate-Energy Region
For T between 2 and 50 MeV, the scaled radiative energy-loss cross section has only a mild dependence on Z and on the electron energy T. Being anchored down firmly below 2 Me V and above 50 MeV, the curve of <l>rad,n(T) us. T in the gap region can readily be obtained by interpolation. This has been done using a cubicspline least-squares algorithm of Powell (1967) . Typical results of this interpolation for Z = 1,6,13,29,47, and 79 are shown in Fig. 9 .1. The results ofthe interpolation have been found to be quite insensitive to the choice of the upper cut-off energy for the gap region. A shift from 50 to 100 Me V would change the integrated cross section in the gap region by less than 1%, and a shift down to 20 MeV would change it less than 3%.
In four cases (AI and U at 5 and 10 MeV), the radiative energy-loss cross sections can also be derived directly from the differential bremsstrahlung cross sections of Tseng and Pratt (1979) , ana are found to agree to within 1-2% with the interpolated results presented here.
Electron-Electron Bremsstrahlung

High-Energy Region
For T ~ 50 Me V, a combination of three formulae for the differential cross section was used. The first is the Bethe-Heitler (1934) Born-approximation result which disregards screening and was derived in the high-energy approximation:
where gI, g2, and qo have the same meaning as in Eqs. 9.7 to 9.10.
The second formula used is that of Wheeler and Lamb (1939) , also based on the first Born approximation and on the high-energy approximation, which includes screening via the use of the incoherent scattering function S(q,Z):
It can be seen that this equation can be obtained from Eq. 9.7 by dropping the factor Z2 and the term feZ) and replacing [1 -F(q,Z) j2 by S(q,Z). In Eq. 9.12, S(q,Z) is normalized such that S( oo,Z) = 1. The incoherent scattering function was taken from Hubbell et al. (1975) .
The third formula used is one derived by Haug (1975) in lowest order perturbation theory, without consideration of screening effects, but treating recoil and exchange effects accurately. Haug also considered the Coulomb correction (departure from Born approxi-9.2. Electron-Electron Bremsstrahlung . . . 47 mation) but found it unimportant at high energies.
Haug's calculation is expressed in complicated formulae (his Eqs. 2.15, Al and A2) which are too lengthy to be reproduced in this report. Numerical values given in Haug's paper are used here.
Taking Haug's result, (dO"e/dk)HG, as an initial approximation, we have assumed that the electron-electron differential bremsstrahlung cross section is
dk = dk HG + dk WL -dk BH ' (9.13) where the first term on the right-hand side (the Haug differential cross section) incorporates an exchange correction, and where the terms in the square brackets constitute a screening correction. This treatment can be justified on the basis that the two corrections are almost independent of each other, with exchange affecting mainly large momentum transfers and screening mainly small momentum transfers.
Low-Energy Region
For T ~ 2 MeV, we have assumed that where the upper limit of integration, T', is given by Eq. 9.2 and (dO"e/dk)HG is again Haug's cross section with exchange and no screening, and where (dO"n/dk)BHsR is the cross section without screening derived by Bethe and Heitler (1934) , Sauter (1934) , and Racah (1934) in the Born approximation but without invoking the high-energy approximation. The so-called Elwert factor fE = P[lexp( -211"£1' Z/ P)l P'[lexp(-211"£1'Z/p')] ' (9.15) which depends on the electron velocities, p, and, P', before and after the collision, respectively, is an approximate Coulomb correction due to Elwert (1939) . For the electron-electron bremsstrahlung cross section in the numerator ofEq. 9.14, a Coulomb correction was not considered necessary. Equation 9.14 is valid to the extent that screening does not change the ratio of radiative energy-loss cross sections significantly.
Intermediate-Energy Region
With <l>rad,e determined for T ~ 2 MeV and for T ~ 50 MeV, the quantity was obtained in the gap region, 2 to 50 Me V, by the same interpolation procedure previously used in Section 9.1.3 for <Prad,n(T). This completed the evaluation of <Prad,e(T) and of the total radiative stopping power according to Eq.9.5. The ratio <Prad,e(T)/ <Prad,n(T) is shown in Fig. 9 .2 for hydrogen, carbon, and gold as a function of electron energy.
Accuracy and Comparison with Experiments
Pratt et al. (1977) estimate the uncertainty of their differential bremsstrahlung cross sections to be no greater than 10%. It seems plausible that the radiative stopping power, obtained as an integral over these differential cross sections, has a smaller uncertainty, perhaps 5%. Comparisons are made in Fig. 9 .3 between calculated radiative stopping powers in five materials at energies up to 2.5 Me V, and corresponding results derived from bremsstrahlung measurements. There is good agreement, within the limits of experimental error, with the results of Aiginger (1966) results. e, Motz (1955) and Motz and Placious (1958) , for Be, AI, and Au; 1:., Aiginger (1966), for Ah03 and Au; 0, Rester and Dance (1967), Rester and Edmonson (1972) , and Rester [private communication (September 1967) ] for AI, Cu, Sn, and Au. ments of Motz (1955) and Motz and Placious (1958).21 The high-energy theory of Davies et al. (1954) and Olsen (1955) provides the cross section not only for bremsstrahlung but also for the closely related process of pair production. Whereas there is a scarcity of experimental bremsstrahlung measurements above 2.5 Me V, there are sufficient data to assess the accuracy of the pair production cross sections. According to Hubbell et al. (1980) , the theoretical pair production cross sections above ""50 Me V are confirmed by experiments to within 1-2%.
In the transition region between 2 MeV and 50 MeV, it is expected that the interpolated results presented here have an accuracy of 3-5%.
Positron Bremsstrahlung
Whereas electrons are attracted by the nuclear charge and repelled by the atomic orbital electrons, the opposite is the case for positrons. This leads to differences between the bremsstrahlung cross sections for electrons and positrons. These differences are small at high energies; in fact they vanish in the approximation used by Davies et al. (1954) and Olsen (1955) . At low energies, 9.1-Positron-to-electron ratios of radiative energy-loss cross sections for bremsstrahlung in the field of the screened nucleus [The six entries marked with an asterisk (*) were obtained from the results of Feng et al. (1981) for Z = 8 and 92. The other entries were obtained by graphical interpolation and extrapolation, using a plot of . The universal curve defined by these entries was used to obtain the contribution of bremsstrahlung in the field of the nucleus to the radiative stopping power for positronsj
[<Prad,nj+ I[ <Prad,nj-1 X 10-7 0.014 2 X 10-7 0.030 5 X 10-7 0.059 1 X 10-6 0,087 1.18 X 10-6 0.094* 2 X 10-6 0.119 5 X 10-6 0.166 5,91 X 10-6 0.175* 1 X 10-5 0.206 2 X 10-5 0,253 5 X 10-5 0.335 5,91 X 10-5 0.359* 1 X 10-4 0.415 1.56 X 10-4 0.465* 2 X 10-4 0,507 5 X 10-4 0.640 7.81 X 10-4 0,708* 1 X 10-3 0.740 2 X 10-3 0.816 5 X 10-3 0.887 7.81 X 10-3 0,916* 1 X 10-2 0.928 2 X 10-2 0.962 5 X 10-2 0.991 1 X 10-1 1.000 however, the bremsstrahlung cross sections for positrons are considerably smaller than those for electrons of the same energy. This has been established by Feng et ai. (1981) in calculations of the bremsstrahlung emitted by positrons in the field of the atomic nucleus, for oxygen and uranium targets at positron energies of 10,50, and 500 ke V. The calculations of Feng et ai. were based on the same detailed numerical approach used earlier for 9.4. Positron Bremsstrahling ... 49 electron bremsstrahlung by Tseng and Pratt (1971) . From the bremsstrahlung spectra (differential in photon energy) given by Feng et ai., one can obtain the scaled radiative energy-loss cross section [<Prad,nl + for positrons and relate them to the corresponding quantity [<Prad,nlfor electrons. One finds that [<Prad,nl + /[ <Prad,nl- has the values 0.465, 0.708, and 0.916 for Z = 8, and the values 0.0944, 0.175, and 0.359 for Z = 92, at the energies 10,50, and 500 keV, respectively. When these six ratios are plotted as a function of the single parameter In(T/Z2), they fall on a smooth curve as indicated in Kim et ai. (1984) by means of additional calculations of the positron-nucleus bremsstrahlung cross section.
It is also necessary to estimate the contribution of positron bremsstrahlung in the field of the atomic electrons. It is expected that at high energies there is little difference between the scaled radiative energy-loss cross sections for positrons and electrons, i.e., [<Prad,el+ ~ [<Prad,el-. Taking into account the formal identity of the non-relativistic electron-proton and the positronelectron bremsstrahlung cross sections in the centerof-mass system (Joseph and Rohrlich, 1958) , and the transformation to the laboratory system, one can estimate that at very low energies [<Prad,el + ~ 1/2 [<Prad,nl-.
In order to connect these two limiting cases, we have made the assumption that [<Prad,el+ = X(T,Z) [<Prad,nl-, where, for T ~ 5 MeV, x(T/Z) is equal to the ratio <Prad,e/ <Prad,n for electrons as given in Fig. 9 .2, and where X(T,Z) has (for all Z) the values 0.539, 0.558, 0.587, 0.613,0.643,0.691,0.732, and 0.785 for T = 0.01,0.02, 0.05,0.1,0.2,0.5,1, and 2 MeV, respectively.
We estimate that the uncertainties of the radiative stopping-power values for positrons, obtained as described above, are of the order of 10%. The uncertainties are perhaps smaller for materials such as water, tissue or plastics which have an average atomic number rather close to the value Z = 8 for which Feng et ai. made calculations.
